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Abstract 

Let M be a complete Riemnnian manifold and /i the distribution of the diffusion 
process generated by ^ A + Z where Z is a C^-vector field. When Ric — S/Z is bounded 
below and Z has, for instance, linear growth, the transportation-cost inequality with 
respect to the uniform distance is established for fi on the path space over M. A simple 
example is given to show the optimality of the condition. 
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1 Introduction 

Since Talagrand [16] found his transportation cost inequality for the Gaussian measure on 
W^, this inequality have been established on finite- and infinite-dimensional spaces with 
respect to many different distances (i.e. cost-functions); see [18] for historical comments and 
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references. For instance, on the path space of a diffusion process on a complete Riemannian 
manifold, the inequality holds with respect to the L^-distance provided the curvature of the 
diffusion is bounded below, and it holds with respect to the intrinsic distance induced by the 
Malliavian gradient provided the curvature is bounded (see [IHIEO]). See also [IDIESIES] for 
the study of diffusion path spaces over M'^, and [HI [IS] for the study on path and loop groups. 
The purpose of this paper is to search for a reasonable curvature condition such that the 
Talagrand inequality holds for the distribution of the corresponding diffusion process with 
respect to the uniform distance on the path space. 

Let (M, g) be a connected complete Riemannian manifold of dimension d. Consider the 
diffusion operator L = |Aj/ + Z for a C^-vector field Z. Assume that 

(1.1) Ric-VZ>-i^. 

Let o e M and T > be fixed. Let H : TM TO{M) the horizontal hft, where 0{M) 
is the orthonormal frame bundle over M. Consider the stochastic differential equation on 
0(M): 

d ^ 

(1.2) dut{w) = ^Hi{ut{w)) o dw\ + -Hz{ut{w))dt, mq e vr ^(o), 

where Wt = [wl : 1 < i < d) is the Brownian motion on M*^ and Hi{u) := Hu^i, 1 < i < d. 
Here and in what follows, {ej}f^^ is the canonical orthonormal basis on M*^. Let 

WoiR") := {w G C([0,T];M^) : Wo = 0}, 

M := e Wo(R'^) : \\h\\l := /i^ds < ooj, 

and P is the standard Wiener measure. Let vr : 0{M) — M be the canonical projection. 
Then 7t(w) := 7TUt{w) is the L-diffusion process on M starting from o, which is non-explosive 
under the condition Let /i be the law of w ^ -f{w) G WoiM) := {7 G C([0,T]; M) : 

7o = o}. 

Let p be the Riemannian distance on M. For two probability measures fii, /i2 on Wo(M), 
let W^2^rf^(/ii, ^2) be the L^-Wasserstein distance between them induced by the uniform norm 

doo{l,v)-= p{lt,Vt), 7,?7Giyo(M). 

te[o,T] 

More precisely, 

(1.3) Wl,Jp^,p2) := , inf ^ / dUl,v)Hd^, dv) 

7re«f(Mi,M2) JWo{M)xWoiM) 

where ^(/ii,/i2) is the set of all probability measures on Wo{M) x Wo{M) with marginal 
distributions Hi and /X2. The main result of the paper is the following: 
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Theorem 1.1. Assume hold for some K > and let po = p{o, ■). // \Z\ < ip o for 

some strictly positive and increasing ip G C°°([l, oo)) with 

Jo -iPis) 

then 

e^^ - 1 

(1.4) Wl,jFp,p) < 2—^p{FlogF), F > 0,/i(F) = 1. 



To prove this resuh, we could start from the log-Sobolev inequahty for damped gradients 
D (12.71) below. To this end, one would like to follow the line of [3] by studying the Hamilton- 
Jacobi semigroup Qt induced by the uniform norm doc'. 

{QtF){^)= mi {Fiv) + ^dUl,v) 

r]eWo{M) L Zt 

By [l5], Qt preserves the class of (ioo-Lipschitz functions. Then, according to the argument 
of [3], to derive the desired transportation cost inequality from the log-Sobolev inequality 
(12. 7p . it remains to prove that 

D+QtF := limsup ^'^'^ ~ < -C C \bsQtF\''ds 

siO s Jq 

for some constant C > 0, the inequality for which we are actually in position to prove if 
Z = 0. 

So, in this paper we shall follow the line of [20] using finite-dimensional approximations. 
To make the corresponding finite approximate metric continuous, we have to first assume 
that the Ricci curvature is C^, the curvature tensor Q is and the drift is C^. So, to finish 
the prove, we adopt one more approximation argument on the Riemannian metric and the 
drift to fit the above regularity assumption. To realize the second approximation procedure 
we need the growth condition of |Z| stated in Theorem II. 1[ On the other hand, however, 
since the growth of \Z\ is not included in the inequality (11.41) . we believe that it is technical 
rather than necessary. 

To conclude this section, we present below a simple example to show that the condition 
in Theorem 11.11 for (11.41) is sharp. 

Example 1.1. Let M = R"^ and Z = VV for 

V{x) -.= {1 + 1x1^, xeM^ 

where 5 > is a constant. Let T > and o = G M"' be fixed. We claim that there exists a 
constant C > such that 



3 



(1.5) WldjFfi,fi) <Cfi{F log F), F>0,/i(F) = l 

holds if and only if either 6 < 1. Indeed, for 6 < 1 Ric — VZ = — Hessy is bounded from 
below and \Z\ has at most linear growth. So, (11. 5p follows from Theorem ll.il On the other 
hand, it is well-known that (II. 5p implies 



:i.6) 



Eexp 



A sup |7t|^ 
te[o,T] 



< oo 



holds for some A > 0, where 74 is the L-diffusion process starting from 0. Indeed, according to 
[22], this concentration property is equivalent to the weaker transportation cost inequality: 

WldjFfi^fi) < C/x(FlogF), F > 0,/x(F) = 1 
for some constant C > 0, where 

Wi^dA^ii, ^12) ■■= inf / dooh,v)Hd-f,dr]) <W2,d^{^iu^i2)■ 

ne'ff{fii,tj.2} JWo{M)xWo{M) 

It is easy well-known that if 5 > 1 then the diffusion process is explosive so that (11.61) does 
not hold for any given A > 0. 



The remainder of the paper is organized as follows. In Section 2 we prove Theorem 11.11 
under an additional assumption on bounded geometry (see (H) below), which in particular 
implies the regularity of finite-dimensional metrics induced by conditional expectations of 
the damped gradient. For readers' convenience to follow the main points of the proof, we 
address the proof of this regularity property in the Appendix at the end of the paper. Then 
a complete proof of Theorem 11.11 is presented in Section 3 by constructing Riemannian 
manifolds {{Mn,gn) '■ n > 1} and operators {L„ : n>l}, which satisfy the assumption (H) 
and approximate the original Riemannian manifold and L in a good way. Since the intrinsic 
distance induced by the damped gradient on Wo{M) is heavily dependent of the geometry of 
M, it is not consistent through our approximation. Finally, in Section 4 we extend Theorem 
ll.ll to the free path space. 



2 The case with bounded geometry 

In this section shall assume that 
(H) Ric eCl, ne CO and Z e Cl 

It is known that under (H) the measure n is equivalent to the Wiener measure (see [1]). It is 
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also known that the filtration generated by {us{w); s < t} coincides with the one generated 
by ilsiw); s <t}; they are both equal to the natural filtration Aft generated by {wg; s <t} 
(see [Sl[ll]). For F G ^C^, i.e. 

(2.1) F(7) = /(%!, ■ ■ ■ , 7.^), < < ■ ■ ■ < sjv < T, 
for some N > 1 and f e C^{M^), we define 

N 

(D,F)(7) = 5^<(9,/)1|,<,^,}, 
i=i 

where dj is the gradient with respect to the j-th component. 

Throughout the paper, for any p-tensor ^ on M, let ^# : 0(M) ^(M'^^P; M) with 

£^'^{u){ai, • • • , Op) = .^(wfli, • ■ • , uttp), cii, • ■ ■ ! flp £ l^*^! u G 0(M). 

Now, let Ric^ = Ric — VZ and Ric^ be defined for 3^ = Ric^- Consider the following 
resolvent equation on ^(M*^; M*^): 

(2.2) ^ = -iRicf (nt) Qt,s, t>s>0; Qs,s = Id. 
By (O), 

(2.3) ||g*-s|| <e^(*-^)/^ t>s>0, 

where || ■ || is the operator norm on M*^. Following [7], we define the damped gradient 

N 

(2.4) {DsF){i) = Y.Q%,s^s'idjf)lis<s,}, F(7) = /(%„■■■ ,7..), 

where Q*^ ^ is the adjoint of Qsj,s- Then there holds the following integration by parts formula 

(2.5) E(^j^ {DsF,h{s))ds^ =e(^F {h{s),dws)^, heM. 
Indeed, letting h solve 

(2.6) h{t) + ^mc*{ut)h{t) = h{t), h{0) = 0, 
we have 
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'0 j=l i=l "'0 

TV 

= E f {Q:,,sU-sl{d,f)l{s<s,}, h{s))ds= r{D,F,h{s))ds. 

•^1 ^0 ^0 



Then (12. 5p follows from the known integration by parts formula for the Malliavian gradient 
(see [2], [5l Ej). Under the hypothesis (H), we can use the approach |4j to get following 
log-Sobolev inequality (see also [6] for a possible degenerate diffusion) 

(2.7) M^'logi^') <2/i(^ l^s^rds), FG^C^,/i(i"') = l- 

Indeed, under our notations the last formula on page 75 of [1] (see Section 3 therein for the 
case with drift) becomes 

Ht = E(^DtF - i ^ Ql^Ric*{u,)D,Fds = E(Ai^|M), 

where the last equation follows from the above relationship between the gradient and the 
damped gradient. Then, replacing F by F"^ in the second formula on page 75 in [1] and 
noting that KF^ = 1, we obtain 

which is nothing but (12.71) . 

We shall derive the desired transportation-cost inequality from this log-Sobolev inequal- 
ity. It was observed by [TH] (see also [21 [20]) that the log-Sobolev inequality on a finite- 
dimensional manifold implies the corresponding transportation-cost inequality with respect 
to the intrinsic distance of the associated Dirichlet form, which has been recently extended 
in [15] to an abstract setting under certain assumption on the corresponding Hamilton- 
Jacobi semigroup. Since this assumption does not directly apply to our present situation, 
we shall adopt an approximation argument as in [20]. To this end, we first reduce (12. 7p to a 
finite-dimensional log-Sobolev inequality, which implies a finite-dimensional transportation- 
cost inequality; then pass to the infinite-dimensional setting by taking limit with respect 
to a sequence of partitions of [0,T]. Note that the role of (12.71) is only intermediate here, 
used throughout the bounded geometry approximation; the constants involved will be well 
behaved when the uniform distance will be taken into account. 
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2.1 The finite-dimensional setting 

Let / = {0 < si ■ ■ ■ < Sat < T} be a partition of [0, T]. Let 

A/(7) := (7(si), ■ ■ ■ , i{sn)), 7 e Wo{M) 

be the projection from Wo{M) onto the product manifold . Then fij := (A/)^,/i has a 
smooth and strictly positive density with respect to the Riemannian volume dxi ■ ■ ■ dx^ on 
M^. For F = foAj e TC^ , it follows from (El) that 

(2.8) / \D,F\'ds=J2 {us^Qs,,sQls^^l'dJ, d,f),ds. 

Jo ij^^ Jo 

Let 3 2 I— > P(2, ■) be the regular conditional distributions of P given Aj o 7. We define 
the linear operator A\z) on T^M^ by 

vom^^-^Jo ^ ^ 

for X, y G TzM'^, where is the product Riemannian metric on and Xi and Y^- are the 
i-th and j-th components of X and Y respectively. By Propositions 15.41 and 15.51 below, 
is uniformly positive definite and has a continuous version, denoted again by . Moreover, 
since a continuous mapping on TM^ can be uniformly approximated by smooth ones, in the 
sequel we may and do assume that A^ is smooth. 
Noting that for F = f o Aj e J^C^ we have 

e(^^ \DsF\' ds) = j^^^i^'^'f^ '^'f)g'dfli, 
where is the gradient operator induced by on it follows from (ETD that 

(2.10) log/2) < 2f,i{{A'V'f,V'f),i), f e Cr(M^),/i,(/2) = 1. 
Now, let pi be the Riemannian distance induced by A^ on . We have 

(2.11) pj{z,z') = sup{|/(z) - f{z')\ : / G CI{M'), {A^V'f^f)^, < l}. 

Since g is complete, [H) and Proposition 15. 51 below imply the completeness of pj. Therefore, 
by UHl Theorem 1.1] with p = 2 (see also [131 [3]), fl2T0D implies 

(2.12) WlJf pj,pj)<2pi{f log f), />0,/i,(/) = l. 

We are now ready to prove the main result of the paper under the assumption {H). 
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Proposition 2.1. Assume and {H). Let dj{z,z') := maxi<j<iv p(2^., 2;^.), z,z' G . 

We have 

(2.13) Wl,^{ffij,fij) < 2— ^/i,(/log/), / > 0,/i,(/) = 1. 
Proof. By (12.121) . we it suffices to prove that 

(2.14) d^i<-j^pl 
Obviously, 



(2.15) dj{z, z') = sup {\f{z)-f{z')\: / G ^^(M^), J] < l}, z,z'eM'. 
Next, by (12.81) and tlie definition of , we liave 

(2.16) pj{z,z') > sup ||/(^) - f{z')\ : / G C^{M'), \D,F\'ds < l| 
for z, z' G Finally, for / G C^{M^) and F = / o A^, (I2SD and (EJD imply 



/ \DsF\'ds < — ^ 5^ \dJU\d,f\, = — l^^/l 



2 

3, 



ij=l j=l 

Therefore, fl27[il) follows from (12151) and fl216l) . □ 

2.2 The infinite-dimensional case 

Proposition 2.2. Assume (H). Then (I i . il) implies i\l-4\)- 



Proof. Since JFC^ is dense in L^{fi), it suffices to prove (11.41) for nonnegative F G J-'C'^ 
with yu(F) = 1. Let F = f o Aj for some partition / of [0,T] and nonnegative / G C^{M^) 
with /i/(/) = 1. Take a sequence of partitions {/„} of [0,T], which is finer and finer such 
that D J for all n > 1 and U„>i/„ is dense in [0,T]. Let 

diAl.v) = di„{AM,AiM), 7,^ e Wo{M). 

Then 



(2.17) di„ '\ doo as n f 00. 
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Since J„ D /, we may regard / as a function on M^" depending only on components in 
so that /!/„(/) = 1 and yU/J/log/) = /i(FlogF) for all n > 1. By fim]) . for any n > 1, 
there exists a coupling measure 7r„ G C{f fij^, fij^) such that (cf. [T4] ) 

(2.18) / d]^d^n<2 ^ /i(FlogF). 

For any n > 1, let /i(2;, ■) (respectively {Ffi){z, ■)) be the regular conditional distribution of 
/i (respectively F/^) given A/^ = 2; G M^". Then, according to [201 page 187] (see also [91 
page 353]), 



7r„(d7,dr/) := / {Fij){z;d-f)fi{z',dr])nn{dz,dz') E '^(F/i,/i), n > 1. 

Moreover, it is easy to see that fl2.18p implies 

(2.19) / dldK<2 /i(FlogF). 

JWo{M)xWo{M) -f^ 

Since as explained on page 187 of [20] that ^{Ffi, ji) is tight and closed under the weak 
topology, up to a subsequence 7r„ — vr weakly for some tt e ^(F/i, //) as n — > 00. Then, for 
any TV > 0, it follows from (12.191) and the monotonicity of in n that 



/ (d\ A iV)d7r = lim f (d\ A iV)d7r„ 

7vKo(M)xWo(Af) JWo{M)xWo(M) 

< / <d7r„<2 /i(FlogF). 

Therefore, the proof is finished by taking N ^ 00 and using 02.171) . □ 



3 Proof of Theorem 1.1 



To prove Theorem 11.11 from Proposition 12. 2[ we shall constructed a sequence of metrics {gn} 
and drifts {Zn} satisfying (H) and Ric„ — VnZn > —Kn with Kn — > K and fin /W, where 
Ric„, V„ are the Ricci curvature and the Levi-Civita connection induced by Qn, and /i„, is 
the distribution of the diffusion process generated by L„ := + Zn- Here, we will take gn 
as conformal changes of g. So, we first study the conformal change of metric. 
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3.1 Conformal changes of metric for (H) 

In this subset, we prove that the conformal change of metric used in [17] satisfies the as- 
sumption (H). More precisely, let f e C^{M) with < / < 1 such that M':={/>0}isa 
non-empty open set. Then, according to [17], M' is a complete Riemannian manifold under 
the metric g' := /"^f?, and 

L' := fL = -A' + Z' 

for Z' = pZ + ^V/^ where A' is the Lapalcian induced by g'. Let ^{M') be the set of 
all smooth vector fields on M', and ^^{M',g') (respectively, ^j^{M' ,g)) the set of all Cl 
vector fields on M' with respect to the metric g' (respectively, g). Moreover, LetV be the 
Levi-Civita connection on {M',g'). We have (see [H Theorem 1.159 a)]) 

(3.1) V:^^ = VxY - {X, log f)gX - {Y, log f)gY + {X, F),V log /, X,Y e ^{M'). 

Moreover, letting Ric' be the Ricci curvature on {M',g'), by P, Theorem 1.159 d)] we have 
(note that the Laplacian therein equals to our —A) 

Ric' = Ric - (rf-2)(Hessiog/-i - (dlog/"^) ® (dlog/"^)) 

(3.2) -(Alog/-^ + (d-2)|log/|2)^ 

= Ric + (d - 2)/"iHess^ + {r'Af - {d - 3)|V log /!,)(?. 

Due to fl3.ll) and fl3.2p . we are able to prove the following main result in this subsection. 

Proposition 3.1. For Z G C^, the Riemannian manifold {M',g') and the drift Z' : = 
f^Z + ^Vf^ satisfies (H). 

This Proposition will be implied by Lemma 13.31 and Lemma 13.41 below. To prove these 
lemmas, we first clarify the relationship between ^^[M' ,g) and ^^{M\ g'). 

Lemma 3.2. For any X E jr(M'), 

(3.3) ||VX|,-|V'X|,,| <3|V/UX|,,. 
Consequently, 

(3.4) f^,\M',g) := {fX: Xe ^,\M\g)} C :^,\M\g') C ^,\M\g). 
Proof. For any Y G TM' with 1^1^ = 1, one has \fY\g, = 1 and by fIXT]) . 

I I Vy^lg — I Vjy^lg' I = 1 1 Vy^lg — I Vy^l^l < I Vy^ — Vy^l^ 

<3\f-'X\g\\/f\,\Y\=3\X\,,\Vf\g. 
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Thus, ( 13. 3 p holds. Since / is smooth with < / < 1, it is obvious that 

where denotes the set of all bounded continuous vector fields. 
If X e ^f^\M',g), then (JSJl) implies 

I V'(/X)|,, < |V(/X)|, + 3|V/yX|, < 4|V/UX|, + /|VX|„ 

which is bounded. So, f^,^\M,g) C ^f^^{M',g'). 

On the other hand, if X e ^^\M',g'), then by (lOjl . 

is bounded. Therefore, the proof is finished. □ 
Lemma 3.3. For any vector field Z on M, one has Z' G ^^{M',g'). 

Proof. We shall prove fZ e ^,^\M',g') and Vp G ^^\M',g') respectively. 

(a) For any X G ^t^{M',g'), by (El]) we have 

VAfZ) = VxifZ) - {X, Vf)JZ - (Z, V/),/X + (/Z, X),V/ 

= fifVxZ + (Z, X), V/ + (X, Vf)gZ - (Z, V/)gX} =: fU. 

By (132D we have X G .^^^(M', c/). Moreover, Z G eT^^^^vf' ,^). Thus, f/ G ^^H^',^)- So, by 
dilD, V'xiPZ) G ^f,i(M', c/') for all X G .^^^(M',/). This means that pZ G 

(b) Let X G ^j,^(M',5('), it remains to prove that iV'V^V/^lg' is bounded. By (^Jij 



VxVp = Vx - 2(X, V/)gV/ - 2| V/IJX + 2(V/, X),V/ 
= 2(X, VPgVf + 2/VxV/ - 2| V/I^X. 

By (1S3D, f^x^f e jrf,i(M',^')- So, it suffices to prove that 

/:=|V'((X,V/),V/-|V/|^X)|,, 

is bounded. By (13.31) . 



/ < |V((X, V/),V/)|, + |V(|V/|^X)|, + 3|V/|^|(r^X, V/),| + 3|V/|J|X|,, 
< 5|VVU V/yX|, + 5|V/|5|X|,, + 2|V/|J|VX|, 

which is bounded since X G 3t:^^{M',g') C 3^^{M\g). □ 
Lemma 3.4. The Ricci curvature Ric' G Cl{M', g') and the curvature tensor Vt' G C^(M', g'). 
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Proof. By f l3.2p . there exists a smooth 2-tensor 3^ on M such that 

Ric'(X,F) = fjTir'XJ-'Y), X,Ye ^,\M',g'). 

Then R' is bounded since | ■ I3 = /| ■ Assuming \X\gr = \Y\g> = 1, we obtain from the 
above formula and fl3.3l) that 



|V'Ric'(X,F)|,, = /|VRic'(X,r)|, 

< /iv/y ^1, + /iv^uiv(r^x)i, + iv(rv)i,) 

< /I V/y + |V^|,(|VX|, + |VF|, + 2| v/l,), 

which is bounded on M' since X,Y e ^^^{M',g') C 3^^{M\g), ^ is smooth on M, and 
M' C M is relatively compact. Therefore Ric' G Cl{M' , g'). The same argument does work 
for Q'. The proof is finished. □ 

3.2 Proof of Theorem [TTI 

By Greene- Wu's approximation theorem [11], we take a smooth positive function p on M 
such that 

(3.5) |p - Pol < 1, ^ < I Vp| < 2 and (A + Z)p < (A + Z)po + 1, 

where the last inequality is restricted outside {0} Ucut(o). Moreover, by the approximation 
theorem, we may and do assume that Z G C^. 

Lemma 3.5. fl 1 . 1\ implies 

(A + Z)p< J^ + 2 + V^(p+l), p>l. 

Proof. For x ^ cut(o) with po = Po{x) > 1, let I : [0, po] — > M be the minimal geodesic 
from o to X. Let U = i and {f/j : 1 < i < (i — 1} be constant vector fields along i such 
that {U, : 1 < i < d — 1} is an orthonormal basis. Let Jj be the Jacobi field along £ with 
Ji(0) = and Ji(po) = Ui,l < i < d. Let /i(s) = 1 — (po — s)''". By the second variational 
formula and the index lemma, we have 



(3.6) 



Apo(x)=V / {\VuJ^\l-R{J^,U,Ji.,U)} 

i=l -^0 

< V r {\Wum)\l-h^RiUi,U,Ui,U)} = l- r K'RiciU.U). 
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Next, 

Zp, = (Z, U)g{x) = j^'" ^^{h^Z, U)g}ds < j^'" h^VuZ, U)g + i' o p,{x). 

Combining this with fl3.6p we obtain 

+ Z)po<K + l + i)o p^. 
Therefore, the proof is finished by (13.51) . □ 

Proof of Theorem \l.l[ Let ho G be decreasing such that < ho < 1, ho{s) = 1 for s < 1, 
and ho{s) = for s > 2. Let 

hn{s):=ho(- [ ^ J , s>0,n>2. 

For any n > 2, let /„ = hn{p)- Since ip > is smooth with ip{s)~^ds = oo, we have 
/„ G C^{M). Let /i„ be the distribution on Wo{M) for the diffusion process generated by 
f^L. Then strongly; that is, for any bounded measurable function F on Wo{M), 

(3.7) lim /i„(F) = /i(F). 

Indeed, letting r„, be the hitting time of the L-diffusion process to the set { J^'' ip{s)~^ > n}, 
these two diffusion processes have the same distribution up to r„. So, 

|/i(F)-/i„(F)|<2||F|UP(T-„<T). 
Since r„ — > cxd as tt, — > cxd, we obtain (13. 7p . Then, it is standard that 



(3.8) Wl,jFfi,fi) < hminf iy2,^(F„/i„,/i„) 

n — >oo 

forF„:=F//i„(F). 

Now, let Ric", V" be the Ricci curvature and Levi-Civita connection induced by Qn '■ = 
f-^g on := {/„ > 0}. Let Z„ = f^Z +{d- 2)/,V/„. By ([S3]), Propositions O and EH 
it remains to prove 



(3.9) Ric" - V'Zn > -Kn 

for some positive constants K as n oo. Let X G TM„ with \X\g^ = 1. By (13. 2p . we 

have 
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Ric^ifnU, fnU) = flRiciU, U) + {d- 2)/„Hess/(t/, U) + /„A/„ - {d - 3)| V/„p, |f/|, = 1. 
Combining this with the first display on [TTJ page 114], we obtain 

(Ric"-V"Z„)(/„f/,/„?7) 

> /2(Ric - vz)(f/, u) + /„(A + z)/„ - ci(|v/„|2 + |zy VM,), \U\, = 1 

for some constant Ci > 0. Combining this with (11. ip we obtain 

Ric" - V"Z„ >-K + /„(A + - ci(|V/„|J + I^U V/.IJ. 
Therefore, to ensure fl3.9p it suffices to show that 

(3.10) lim inf{/„(A + - ci(|V/„|? + \Z\g\Vfn\g)} = 0. 



By Lemma [331 H'q < and |Vp| < 2, 

|/i;,lloo(i^ + 2 + v(p + i)) 2||/i[,' 



(A + Z)/„> 



"11 

oo 



n-ijj{p+l) n'^ijj{p + 1] 



which goes to zero uniformly as n oo. Similarly, |V/n|g + |2'|g|V/„|£, uniformly 
too. □ 

4 An extension to free path spaces 

Let z/ be a probability measure on M such that 

(4.1) w^M^^ < Co^U log /)' / > 0, ^U) = 1 

holds for some constant Cq > 0. Let be the distribution of the L-diffusion process starting 
from V up to time T > 0, which is then a probability measure on the free path space 
W{M) = C([0,T];M). 

Theorem 4.1. Under (\ 1 . 1\\ and the growth condition for \Z\ stated in Theorem \l.l\ for some 
{and hence any) fixed point a & M. Then 

W24AFP,,P,f< (^Coe^^ + 2 ^ jP.(FlogF), F>0,P,(F) = 1. 
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Proof, (a) Without loss of generality, we assume that F G JFC^ is strictly positive. Let Px be 
the distribution of the L-diffusion process starting from x, and let f{x) = Px{F),Fx = 
Then z/(/) = P,(FJ = 1 and 

(4.2) Pf, = I {FxPx)f{x)u{dx), Pf, = [ PJ{x)u{dx). 
. By the triangle inequality, 

(4.3) W2,,^{FP,,P,) < W,,,^iFP,,Pf,) + W2,,APf.,P.)- 

(b) It is well-known that in a class of probability measures on a Polish space with bounded 
second moment, the weak convergence is equivalent to the convergence in the Wasserstein 
distance (see e.g. [H]). Noting that x ^ P^ and x i— > F^Px are continuous in the weak 
topology for probability measures on W{M), and due to (O), sup^ P,(e<^-(^' )) < oo, we 
conclude that 

X^W2,d^iPx,FxPx) 

is continuous. Furthermore, Theorem 11.11 and the uniform boundedness of Fx imply that 
this function is bounded. Therefore, it is is to see from (14. 2p that 



(4.4) 



W2,dAFPu,Pf.)'< [ W2,dAFxPx,Pxff{xMdx) 



Indeed, letting {Ai^n '■ i > l}ri>i be a sequence of measurable partitions of M such that 

viAi^n) + dia(Aj,„) < -, z, n > 1, 

n 

where dia(74j^„) is the diameter of Ai ^- By the continuity of /, let Xj^„ G „ such that 

f{xi^n)y{Ai^n) = / /(x)i/(dx), i,n>l. 



Let TTjn G ^{Fx Px ,Px ) such that 

[ dldlTi^n = W^2,d^(Fx,„Px,„,Px,j', t,n > 1. 

Jw(M)xW(M) 



Then 

■■=J2fiXi,nHAi^n)7ri,n E '^((FP,)„, (Pf,) 



oo 

7r„ 

1=1 
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where 

oo 



i=l 

and 



{Pfv)n ■■= ^/(Xi,„)z/(A,n)Px,,„ Pfu 



i=l 



weakly as n — > 0, then 



W,,,^iFP^,Pj,y= hm W2,,JiFP,UiPj,)^y 

n— »oo 



n— »oo 



< hm / dl^diTn 



W{M)xW{M) 
oo 

hm 5^ fix,,nHA,n)W2,dAF,,,„P..,„, P.J' 
1 — >nn f * 



i=l 



M 



Therefore, fl4.4p holds. Combining this with Theorem ll.il we obtain 

W2,,jFP,,Pf,f < / {F.(7)logF,.(7)}P.(d7)/(x)z/(da;) 



(4.5) 

2re^^ - 1 

= {Pu {F log F) - z/(/ log /) ) . 

(c) To estimate W2,d^{Pfu, Pu), let fr G {fi^,i^) such that 

and let {Xt,Yt) be the coupling by parahel displacement for the L-diffusion process with 
initial distribution vr. By pTl (3.2)] (note that the present L is half of the one therein) 

p(Xt,Fj) <p(Xo,ro)e^*/^ t>0. 

Thus, 

W2,dAPfu,Puf < E max p(Xi,Fj2 < e^^^Ep(Xo, Fq)' = e^^l^2,p(/^^, ^^)'. 
Then it follows from fl4.ip that 
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Combining this with (14. 3p and (14.51) we arrive at 



W24^{FP,,P,f < (1 + 5)W2,d^{FP,,Pf,f + (1 + ri)l^2,d^(P/.,P.)' 
Then the proof if finished by taking 5 = C^Ke^'^ /2{e^^ ~ !)• D 

5 Appendix: regularity of 

Let be a smooth manifold. For the convenience of our exposition, we shall introduce 
^-valued smooth Wiener functional in the following way (for a general definition, we refer 
to [12], p. 78). Let $ : ^/^(M'^) ^ V be a measurable map. Let p > 1. We say that $ is 

derivable if there exists V$(w) G H® T$(^)V^ satisfying E(| | V$| Ih^tv) < +^ such that for 
each /i G H, $ admits a version $/i such that e ^ (^h{w + eh) is and 

^$ft(w; + e/i)|,=o = V<l>(uO • h e T^(^)V. 

Then V$ is a map from VFo(]R'^) into H ® TV". Inductively, we define high order derivatives 
V*^$ : WoiR"^) H®'^ ® TV. We say that $ G if E(| | V^*] |?') < +oo for all r < and 
p > \. We say that $ is non-degenerated in Malliavin sense if det~^[V$(V$)*] G np>iL^, 
where (V$(w))* : T^(^^)V ^ H is defined by 

((V$(^))X/^>^ = (V$(^)/.,t;>^^^^^^. 
The following result holds (see [12], chapter III). 

Theorem 5.1. Let $ G &e a V-valued non- degenerated Wiener functional and G G 
D5"(lVo(M"'), M), then the conditional expectation z ^ E(G|$ = z) admits a continuous 
version. 

Now we are going to prove the regularity of . 

Lemma 5.2. Assume (H). Then the ltd functional Ut : 1^0(1^'^) ~^ 0{M) defined by (1.2) 
belongs to Hf. 



17 



Proof. We first note that for any /i G H, the law of w ^ Ut{w + eh) is equivalent to that of 
Ut and furthermore, 

Pit) := {9,DhUt), pit) ■.= {e,DhUt) 

satisfy (see [21 (2.21)]) 



t), 



(5 1) h^^^^ ^ ^^^^^ + {V^}*(wt) m - pit)Z*iut))dt + pit)iZ*iut)dt + odw 
\dpit) = ilu^iu^'Z^uAt + odwt,/3it))- 

Here, Z*iu) := {Z, u-) G for n G 0(M), (e, 6) is the parallelism of 0(M), an x so(d)- 
valued one-form on 0(M) defined by 

e„(l) = u-^Ti*X, e„(X) = g-'(PyX), u G 0(M), X G T„0(M), 

where Py is the orthogonal projection from TO(M) onto the space of vertical tangent vectors 
on 0(M), and 

: soid) A{^e^^"}|,=o e PyTuOiM) 

ds 

is an endomorphism. 

Let Did) = X so((i). For r G 0(M), we denote by Aijiu) the endomorphism of -D((i) 
defined by 

ix, A) ^ {{VZ}*iu) ■ X + Aej, Qriej, x)) . 
Let Jt^s solve the equation on ^iW^;R'^ x so(ci)) : 



(5.2) -Jt,, = (J2^M) o [iu^'Z^u^dt + dwi]yt,s, t > s, J,,, = (IdD(rf),0). 
Then (see [121 page 292]) 

(/?(t),p(t))= / Jt,shis)ds. 
Jo 

This completes the proof due to the fact that 

and the boundedness of and Z. □ 

Lemma 5.3. Assume iH). Let Qt = Qt,o- Then 

1 ft 

(5.3) DhQt = "2 y QM{V..z),..Ricz}*(Ms) ds, heU. 
Consequently, Qt G D?(Wo(M'^)) /orp > 1. 
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Proof. Differentiating fl2.2p . we obtain 

= -^{V..D,«,Ricz}*K)gt - ^(Ricf K))D,gi, D,Qo = 0. 

So, we get the expression (15.31) and thus, Qt G ]D>^(Wo{M.'^)) for p > 1 due to (H) and Lemma 
[El □ 

Proposition 5.4. Assume (H). Then : TM'^ — > TM^ /ias a continuous fij-version. 

Proof. Let Kij{s) = Qsj,sQs„s- Note that u~^Xi{'-/{si)) = 6{Xf)u^,. Then, for any compactly 
supported smooth vector fields X, Y on , 



By lemmas |52] and EJl G^j{t) are in ro^(Wo(M'^), M), so 

i .-1 ^0 



By Theorem 15.11 z i— > (A^(2;)X(2;), "K = J^^^^a-^GF{z,dw) has a continuous version. 

□ 



Proposition 5.5. Assume that Ric — VZ < Ki, then A^ is uniformly elliptic with respect 
to g'. 

Proof. Let a = (fli, ■ ■ ■ ,a7v) G T^M^ . Suppose without losing the generality, that \aj\r\ = 
maxi<j<Ar \ai\. Take (Xi, ■ ■ ■ , Xj^) be vector fields around {zi, ■ ■ • , z^) such that 

{Xi{zi), ■ ■ ■ , XAr(2;Ar)) = {tti, • • • , ^at). 

We have 



Ar = Z 



Let Sn-1 < s < Sat and f G M . Then by the assumption on the upper bound of Ric, 

^ig^^l' > -Ki\Qt,sv\'- 
It follows that \Qt,sv\'^ > e--^i(*~')|wp > e-^^''''^~^^~^^v\'^. Therefore, 
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rp TV 

/ iX^g;,.(<x,(7(.,))i(,<,^.)lMs 

rsN 

Hence 

□ 
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